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Riassunto: La covarianza tra le variabili X e Y in presenza di una variabile concomi-
tante Z, viene scomposta in tre termini. La covarianza parziale ¢ definita dalla somma
dei primi due. La covarianza ecologica ¢ costituita dalla somma degli ultimi due. Tale
scomposizione consente un’analisi comparata della ecological fallacy rispetto alle pro-
cedure di selezione step—wise rette dalla correlazione parziale. E’ ben noto il rischio di
una previsione individuale grossolanamente errata basata su dati aggregati. Un ulteriore
esempio attiene allo studio di un modello nidificato a due livelli. La separazione tra il
caso descrittivo ed il caso stocastico ¢ inessenziale.
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1. Introduction

Let us consider, for simplicity sake, a bivariate statistical variable (X,Y"). The well-
known two terms variance decomposition highlights the joint role of conditional vari-
ances, 03 (), x € X, and regression function, py (), = € X, i.e., 03 = Mx (o} (X)) +
0% = o3 + 0%, where 3 = Mx[(uy(X) — py)?] is the explained variance and o3?
denotes the residual variance. Previous decomposition is a special case of more general
covariance decompositions, Guseo (2006). Ecological fallacy is a possible risk in linear
models prediction if we use aggregate information and pretend to refer such a global re-
lationship to individual units within special subgroups. This problem was examined in
the past in epidemiological and sociological areas. Robinson (1950), among others, is a
well-known reference. New advances and critical discussions may be referred to Freed-
man et al. (1991), Achen and Shilvely (1995), King (1997), Freedman et al. (1998) and
Schuessler (1999). If we study only individual data such a paradox does not exist.

2. Covariance decompositions

Proposition 1. Let (X, Y') be a bivariate statistical variable and Z a concomitant variable.
Covariance oxy is the sum of two components: residual covariance 0% and ecological
covariance o gy, where 0%y = Mz{oxy(Z)} and o3y = Cov(ux(2), py (2)),

Oxy = Oxy + 0xy. (1)
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Usual explained variance is conceptually equivalent to ecological variance. In fact, for
X =Y, wehave oyy = 0y = 0}’ +02 = 0} + 74 Ecological covariance represents the
direct covariance between regression functions ypx(Z) and py (7). We may study such a
relationship by introducing a deviation from the corresponding linear models determined
under the least squares method, e.g., X =a+bZ +ecyandY = c+ dZ + 5.

Proposition 2. Let (X,Y') be a bivariate statistical variable and Z a concomitant vari-
able. Ecological covariance o gy is the sum of two components: the covariance lack of
fit, Loxy, and the first order covariance fit, co xy, where [oxy = Mz(ux(Z) —a —

0Z)(py (Z) —é —dZ) and coxy = My(a+b0Z — px)(é+dZ — py) = (0xz0v2) /0%,
Oxy = LOxy t COxy- 2)

Proposition 3. Let (X, Y') be a bivariate statistical variable and 7 a concomitant variable.
A three terms decomposition of covariance is

oxy =0xy + 1o0xy + coxy, (3)

where 0%, = Mz{oxy(Z)} is the residual covariance, oxy = Myz(ux(Z) —a —
bZ)(py (Z) — & — dZ) is the covariance lack of fit and coyy = My(a + bZ — px ) (¢ +
dZ — py) = (0xz 0yz) /0% is the first order covariance fi.
Proposition 4. Let (X,Y") be a bivariate statistical variable and Z a concomitant vari-
able. Partial covariance between X and Y under the exclusion of linear effects of 7,
0z(X,Y) = M[(X —a—bZ)(Y — ¢ —dZ)], is the sum of the first two components of
Equation (3), i.e., residual covariance and covariance lack of fit,

oz7(X,Y) =0y + LOxy- 4
Proof. o,(X)Y) = M[(X £ ux(Z)—a—bZ)Y £ py(Z) — ¢ —dZ))
= Mz{oxy(2)} + Mz[(ux(Z) = a = bZ)(uy (2) — ¢ — dZ)]

= Oxy t10xy-

Equations (1-4) allow a comparative assessment of ecological fallacy and step—wise
model building in regressive nonparametric contexts based on partial correlation. The
latter avoids risky sign errors in linear models component effects inferences that affect
predictions. Further applications refer to hierarchical model analysis.
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